In the paper, we are concerned with the system of Kirchhoff-Schrödinger-Poisson system under certain assumptions on V 1 , V 2 , K and f . We are interested in the existence of least energy sign-changing solutions to the system on R N . Because two kinds of nonlocal terms φ u and R N |∇u| 2 are involved in the system, the methods are different from the Kirchhoff or the Schrödinger-Poisson system. The two nonlocal terms R N |∇u| 2 and φ u make that the functional J(u
Introduction
In this paper, we consider the nonlinear Kirchhoff-Schrödinger-Poisson system
for  ≤ N ≤ . System (.) with b =  has been introduced while looking for the existence of standing waves for the Schrödinger equation acting with an electrostatic field. We refer to [] and the references therein for more details as regards the physics aspects. This problem is called the Schrödinger-Poisson system. If V  = , system (.) is the Kirchhoff equation, which is the stationary problem associated to the time-dependent problem, which models small vertical vibrations of an elastic string [] . In recent years, Schrödinger equations with nonlocal terms have attracted much attention. There are several nonlocal Schrödinger equations such as the Kirchhoff Motivated by the above work, the main aim of this paper is to study the existence of a sign-change of (.) when the potentials V  and K decay to zero as |x| → ∞. Precisely, we suppose:
R is a smooth function and there exist a, c >  and τ ∈ (, ) such that
and
As regards the function f , we assume f ∈ C(R, R) and we have the following hypotheses:
The conditions (f  )-(f  ) with θ =  are usual for the Kirchhoff equation or the Schrö-dinger-Poisson system; see [, ] . The condition (f  ) is equivalent to the one in [, ]
In fact, we have the next remark.
Remark . Condition (f  ) is equivalent to (V ).
Proof We only prove the case of t > . For t ∈ (, ], tτ ≤ τ , then
Therefore, the conclusion holds.
In addition, we must notice that the condition on V  cannot ensure the nonlocal term
. The least energy sign-changing solution to the KirchhoffSchrödinger-Poisson system has not been studied under the conditions (V) and (K). We unify the conditions θ =  and θ >  and generalize to the problem (.). Throughout this paper, we consider the weighted space 
make E a Hilbert space with the inner product and the norm
Then we have the following embedding theorem, which is often used later. 
s) ds, then we must notice the following fact.
u, for the proof see Lemma .. However, G(x, t) and g(x, t) do not satisfy these properties, due to the term R  V (x)u  n . Therefore, we cannot replace Kf (u) -θ V (x)u with g(x, u).
For every u ∈ E, the Lax-Milgram theorem implies that there exists a unique
Thus, we can define the corresponding functional to (.) as follows:
.
Clearly, critical points of J are the weak solutions to nonlocal problem (.). Furthermore, if u ∈ E is a solution of (.) and u ± = , then u is sign-changing, where
In order to get a least energy sign-changing solution for the system (.), we first try to seek a minimizer of the energy functional J with the following constraint:
and then we show that the minimizer is a sign-changing solution of (.). But in our problem (.), since f is not C  , which is assumed in [, ], it is rather difficult to show that M = ∅. Thus, we must introduce some new ideas to get a sign-changing solution for the problem (.). In the present paper, we use a new homotopy operator which is C  .
Now, we state our main theorem.
Theorem . If we have the assumptions (V), (K), and (f  )-(f  ), then the problem (.) possesses at least one sign-changing solution which is the least energy sign-changing solution.
The paper is organized as follows. In Section , we prove several lemmas, which are crucial to prove our main results. In Section , we show that the minimizer of the constrained problem is a sign-changing solution by a new homotopy operator.
Preliminaries
Firstly, we give the convergence of the nonlinear term.
According to the dominated convergence theorem,
The proof is completed.
The next lemma shows that M = ∅.
there is a unique pair (t, s) of positive numbers such that tu
We introduce the following notations:
We have from (f  ), (f  ), and (.) g  (t, t) >  and g  (t, t) >  for t >  small and g  (s, s) < , g  (s, s) <  for s >  large. Thus there exist  < δ < R such that
From (.), it follows that g  (δ, s), g  (R, s) both are increasing for s ≥  and g  (t, R), g  (t, δ) both are increasing for t ≥ . Therefore, by (.), we have 
In the following, we prove the uniqueness of (t, s). If there are two pairs (t  , s  ) and (t  , s  )
we may assume that u ∈ M and tu + + su -∈ M. We need only to prove that t = s = . We assume that  < t ≤ s. Then, by (.) and θ < , we have
According to condition (f  ), s ≤ . On the other hand, since t ≤ s and u ∈ M, similarly, we can obtain
Therefore, t ≥ . Consequently, t = s = .
Lemma . For u ∈ E with u ± = , the pair (t u , s u ) obtained in Lemma . is the maximum point of the function ψ :
Proof From the proof of Lemma ., (t u , s u ) is a critical point of ψ in R + × R + . By assumptions (f  ), (f  ), and the proof of Lemma ., we deduce that J(tu + + su -) >  for t, s >  small and ψ(t, s) → -∞ as |(t, s)| → ∞. Therefore, (t u , s u ) is the maximum point. In the following, we prove that t u , s u > . It is sufficient to check that a maximum point cannot be achieved on the boundary of R + × R + . Without loss of generality, we may assume that (, s  ) is a maximum point of ψ. Then, for t >  small, by condition (f  ),
The pair (, s  ) is not a maximum point of ψ in R + × R + .
Lemma .
Proof Under the assumptions of (i), (ii), and (iii), we have u
For convenience, we introduce some notations as follows:
Without loss of generality, we may assume that t u ≥ s u . 
Then by Proposition ., we can get
where C  , C  >  are constants. So there exists a constant α >  such that u ≥ α. Moreover, by (f  ), we have
Hence, we have
Let {u n } ⊂ M be such that J(u n ) → m. Then {u n } is bounded in E, so there exists a subsequence of {u n } and u ∈ E, we may still denote the subsequence by {u n }, such that u n u and u ± n u ± weakly in E and u n (x) → u(x) a.e. x ∈ R N . Since {u n } ∈ M, we have
This implies from conditions (f  ) and (f  ) that there exists a constant ρ >  such that u + n ≥ ρ for all n ∈ N. By (.) and Lemma ., we get
where o() denotes a quantity tending to zero as n → +∞. Thus, u + = . Similarly, we have
. By the weak lower semicontinuity of the norm and Fatou's lemma, we have
Then from (.) and Lemma . we get
Similarly, we have
From (.), (.), and the proof of Lemma ., there exists (t, s)
≥  is nondecreasing on (-∞, ) and (, ∞), respectively. Thus,
By the above inequality and Lemma . we deduce that t = s = . Thus u = u and J(u) = m.
Existence of sign-changing solution
In this section, we mainly prove that the minimizer u obtained in Lemma . is indeed a sign-changing solution of (.), that is, J (u) = . 
If J (u) = , then there exist δ >  small and ε  >  such that, for all v -u ≤ δ,
We prove that η(, h(D))∩M = ∅, contradicting the definition of m. Let us define γ (t, s) := η(, h(t, s)) and
Since f : R → R is continuous,  : D → R  is continuous. Then we cannot directly compute the topology degree deg(  , D, ). Now, we define the operator as follows:
Then has unique zero (t, s) = (, ). Let us take a homotopy operator
It is easy to see that H(τ , (, )) = . Then (, (t, s) ). If τ = , from the definition of , the conclusion is obvious. In the following, we may assume that τ ∈ (, ). It is easy to see that for any τ ∈ (, ), (, ) is a zero point of H (τ , (t, s) ). Therefore, we need only to prove that the zero point of
We may assume that t  ≤ s  . Then from (.), we have
On the other hand, it follows from u ∈ M that
Therefore,
Hence, we have from the condition (f  ) that s  ≤ . In the following, we prove that t  ≥ . In fact from (.) and  < t  ≤ s  , we have On the other hand, it follows from (.) that h = γ on ∂D. Consequently, we obtain deg(  , D, ) = deg(  , D, ) =  from the property of the topological degree. Therefore,
